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NaN
IEEE754
( )NaN
√−5,∞∞
( )±∞
( )±0 ±∞
4 NaN 2
2 F
2.1.2
IEEE754 F
c ∈ R
1. c
∆ : R→ F
2. c
5 : R→ F
3. c
: R→ F 2
4. c c
8
2.1: ( )
2.1.3
15 15
xi, yi ∈ F
setround(-1)
z =
n∑
k=1
xi · yi
setround(+1)
z¯ =
n∑
k=1
xi · yi
setround(-1)
setround(+1)
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2.1.4
[x, x¯] = {x ∈ R|x ≤ x ≤ x¯}
x ≤ x¯ ∈ R
[x] [x] = [x, x¯] [x]
(d([x])) (r([x])) (m([x]))
d([x]) = x¯− x, r([x]) = x¯− x
2
, m([x]) =
x¯+ x
2
2.2: [x] = [x, x¯] (d([x])) (r([x])) (m([x]))
[x]
|x| = min{|x| |x ∈ [x]}, |[x]| = max{|x| |x ∈ [x]} = max{|x|, |x¯|}
2 [x], [y] 2
[x] ◦ [y] = {x ◦ y |x ∈ [x], y ∈ [y]} ◦ ∈ {+,−,×, /}
[x] + [y] = [x+ y, x¯+ y¯]
10
[x]− [y] = [x− y¯, x¯+ y]
[x]× [y] = [min{xy, xy, xy¯, x¯y},max{xy, xy, xy¯, x¯y}]
[x]/[y] = [x]×
[
1
y¯
,
1
y
]
, (0 /∈ [y])
IF = {[x] ∈ IR|x, x¯ ∈ F} ( F )
[x] + [y] = [∇(x+ y),4(x¯+ y¯)]
[x]− [y] = [∇(x− y¯),4(x¯+ y)]
[x]× [y] = [min{∇xy,∇xy,∇xy¯,∇x¯y},max{4xy,4xy,4xy¯,4x¯y}]
[x]/[y] = [min{∇x/y,∇x/y,∇x/y¯,∇x¯/y},max{4x/y,4x/y,4x/y¯,4x¯/y}]
α β δ ≥ 0
α[β − δ, β + δ] = [αβ − |α|δ, αβ + |α|δ]
11
α β δ δ ≥ 0
[α− δ, α + δ]β = [αβ − |β|δ, αβ + |β|δ]
α β δ γ
δ ≥ 0 γ ≥ 0
[α − δ, α + δ][β − γ, β + γ]
⊂ [αβ − |α|γ − |β|δ − δγ, αβ + |α|γ + |β|δ + δγ]
1.5
setround(-1)
α =
a¯− a
2
+ a;
δ = α− a;
[a] ⊂ [α− δ, α + δ] (2.3)
2.3:
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2.2
(Newton-Cotes )
2.2.1
S =
∫ b
a
f(x)dx [a, b] f(x),x ,x = a, x = b
2.4:
[a, b] h =
b− a
n
n [x0, x1], [x1, x2], · · · , [xn−1, xn]
x0 = a, xn = b
[a, b] f(x) S f(xi) h
Sn =
n−1∑
i=0
f(xi)h
f(x) n Sn S
S = lim
n→∞
n−1∑
i=0
f(xi)h = lim
n→∞Sn
n
13
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2.5:
2.2.2 Newton-Cotes
[a, b]
[xi, xi+1] , [xi+1, xi+2] , · · · , [xi+k−1, xi+k]
f (x) k
pk (x) ν
dνf
dxν
fi = f(xi), h = xi+1 − xi
p1(x) = fi +
∆fi
h
(x− xi)
p2(x) = fi +
∆f2i
h
(x− x2i) + ∆
2f2i
2h2
(x− x2i)(x− x2i+1)
p3(x) = fi +
∆f3i
h
(x− x3i) + ∆
2f3i
2h2
(x− x3i)(x− x3i+1)
+
∆3f3i
6h3
(x− x3i)(x− x3i+1)(x− x3i+2)
14
∆fi = fi+1 − fi
∆f2i = f2i+1 − f2i
∆2f2i = ∆f2i+1 −∆f2i = f2i+2 − 2f2i+1 + f2i
2.6:
k = 1
S =
∫ xn
x0
f(x)dx =
n−1∑
i=0
∫ xi+1
xi
f(x)dx
=
n−1∑
i=0
∫ xi+1
xi
[
fi +
∆fi
h
(x− xi)
]
dx+ rn
u =
x− xi
h
dx = hdu
S '
n−1∑
i=0
h
∫ 1
0
(fi + u∆fi)du =
∑
i
h
[
fi +
1
2
∆fi
]
=
∑
i
h
2
(fi + fi+1)
15
S ' h
2
(y0 + 2y1 + 2y2 + · · ·+ 2yn−1 + yn)
rn h
2f (2)(t)/12
2.7:
Simpson1/3
Simpson1/3 k = 2 2 n
S =
n/2−1∑
i=0
∫ x2i+2
x2i
f(x)dx
=
∑
i=0
∫ x2i+2
x2i
[
f2i +
∆f2i
h
(x− x2i) + ∆
2f2i
2h2
(x− x2i)(x− x2i+1)
]
dx+ rn
u =
x− x2i
h
du = hdx, x− x2i+1 = x− x2i − (x2i+1 − x2i) = h(u− 1)
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2.8: ( ) Simpson1/3 ( )
S ' h∑
i
∫ 2
0
[
f2i + u∆f2i + u(u− 1)∆
2f2i
2
]
du
S ' h∑
i
[
uf2i +
u2
2
∆f2i +
(
u3
3
− u
2
2
)
∆2f2i
2
]2
0
=
∑
i
h
(
2f2i + 2∆f2i +
1
3
∆2f2i
)
Simpson1/3
S '∑
i
h
3
(f2i + f2i+1 + f2i+2)
=
h
3
(f0 + 4f1 + 2f2 + 4f3 + · · ·+ 4fn−1 + fn)
rn h
4f (4)(t)
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2.9: Simpson1/3
Simpson ( 3/8 )
2.10: Simpson ( 3/8 )
k = 3 3 n 3
18
S =
∑
i
∫ x3i+3
x3i
f(x)dx
=
∑
i
∫ x3i+3
x3i
[
f3i +
∆f3i
h
(x− x3i) + ∆
2f3i
2h2
(x− x3i)(x− x3i+1)
+
∆3f3i
3!h3
(x− x3i)(x− x3i+1)(x− x3i+2)
]
+rn
u =
x− x3i
h
S '∑
i
(
3h
8
)
(f3i + 3f3i+1 + 3f3i+2 + f3i+2)
Simpson ( 3/8 )
S ' 3h
8
(f0 + 3f1 + 3f2 + 2f3 + 3f4 + · · ·+ 3fn−1 + fn)
rn 3h
5f (4)(t)/80
Simpson (4 )
2.11: Simpson (4 )
k = 4 4 n 4
19
S =
∫ x4i+4
x4i
f(x)dx
≈ 2h
45
(7f4i + 32f4i+1 + 12f4i+2 + 32f4i+3 + 7f4i+4)
S ≈ 2h
45
(7f0 + 32f1 + 12f2 + 32f3 + 14f4 + 32f5 + · · ·+ 32fn−1 + 7fn)
rn 8h
7f (4)(t)/945
Simpson
Simpson
2.12: Simpson
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2.3
2.3.1
f(x) x = a
h
f(a+ h)− f(a)
h
21
[a, b]
z = x+ y
x, y x, y
z x, y
x, y
x y z
(f, f ′) f
f ′
(f, f ′) + (g, g′) = (f + g, f ′ + g′)
(f, f ′)− (g, g′) = (f − g, f ′ − g′)
(f, f ′)× (g, g′) = (fg, f ′g + fg′)
(f, f ′)
(g, g′)
=
(
f
g
,
f ′g − fg′
g2
)
sin,cos
sin(f, f ′) = (sin f, (cos f) ∗ f ′), cos(f, f ′) = (cos f, (− sin f) ∗ f ′)
22
x f(x) x
(x, 1) (f(x), f ′(x))
f(x) f(x) x f f ′(x)
a
d a < d >
a1 < d1 > +a2 < d2 >= (a1 + a2) < d1 + d2 >
a1 < d1 > −a2 < d2 >= (a1 − a2) < d1 − d2 >
a1 < d1 > ×a2 < d2 >= a1 × a2 < d1 × a2 + a1 × d2 >
a1 < d1 >
a2 < d2 >
=
a1
a2
〈
d1 × a2 − a1 × d2
a22
〉
g(x) sin, cos, tan, ex, · · · y = a < d >
g(a < d >) = g(a)
〈[
dg(y)
dx
dy
dx
]
x=a
〉
= g(a) < g′(a)× d >
23
2.4
Newton-Cotes
INTLAB
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33.1
INTLAB
y = exp(x) sin(x) y = exp(x) sin(x) cos(x) 2
3.2
•
INTLAB −→ [mid, rad1]
• sin,cos,exp
−→‖ h2f (2)(t)/12 ‖C[a,b] ≤ rad2
• mid rad1 + rad2 ( )4(rad1, rad2)
25
[mid,4(rad1, rad2)]
3.1: ( )
3.3
3.3.1
• [0, 1]
• y = exp(x) sin(x) y = exp(x) sin(x) cos(x)
2
•
26
3.2:
3.3.2 y = exp(x) sin(x)
3.3: ( ) 3.4: ( )
27
3.5: Simpson1/3 ( ) 3.6: Simpson1/3 ( )
3.7: 3/8( ) 3.8: 3/8( )
28
3.9: 4 ( ) 3.10: 4 ( )
3.3.3 y = exp(x) sin(x) cos(x)
3.11: ( ) 3.12: ( )
29
3.13: Simpson1/3( ) 3.14: Simpson1/3 ( )
3.15: 4 ( ) 3.16: 4 ( )
30
3.4
•
( 3/8 )
• 10−10
10−12
INTLAB
Simpson
10−12 −→ 10−32
10−15 −→ 10−12
Simpson
• INTLAB 3(ulp)
10−16
1000 −→ 10−12 10−13 10000 −→
10−11 10−12
10−20 10−25
31
3.5
INTLAB
(
)
( 3.1)
INTLAB 10−17
java
double double 1
C java
32
4ex sinx,cosx
4.1
ex,sinx,cosx
ex,sinx,cosx
4.2
Knuth
Dekker IEEE754
MATLAB
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4.2.1 Knuth Dekker
Knuth
Knuth 1969
Knuth
a, b ∈ F x ∈ F y ∈ F
TwoSum
a+ b = x+ y
TwoSum
function [x, y] = TwoSum(a, b)
x = a⊕ b;
bV = xª a;
aV = xª bV ;
bR = bª bV ;
aR = aª aV ;
y = aR ⊕ bR;
( )
Knuth a+ b a⊕ b a+ b− (a⊕ b)
F y ∈ F
Dekker
Dekker 1971 Knuth
6.1( )
6.1
34
a ∈ F Split
26bit aH aL a = aH + aL | aH |≥| aL |
Split
function [aH , aL] = Split(a)
c = (227 + 1)⊗ a;
d = c⊗ a;
aH = c⊗ d;
aL = a⊗ aH ;
( )
Dekker
Dekker
a, b ∈ F x ∈ F y ∈ F TwoProduct
a ∗ b = x+ y
TwoProduct
function [x, y] = TwoProduct(a, b)
x = a⊗ b;
[aH , aL] = Split(a);
[bH , bL] = Split(b);
err1 = xª aH ⊗ bH ;
err2 = err1 ª aL ⊗ bH ;
err3 = err2 ª aH ⊗ bL;
y = aL ⊗ bL ª err3;
( )
35
Dekker 6.2
6.2( ,Rump, )
TwProduct
ab ∈ [x+ y − 5η, x+ y + 5η] ( ,η underflow unit )
( )
4.2.2
p = (p1, p2, · · · , pn)T ∈ F n qn = p1⊕p2⊕· · ·⊕pn∑
pi =
∑
qi qn VecSum
VecSum
function q = VecSum(p)
for i = 2 : n;
[pi, pi−1] = TwoSum(pi, pi−1);
qi−1 = pi−1;
end
qn = pn;
p, q ∈ F n
q = VecSum(p) =⇒ qn +
n−1∑
i=1
qi =
n∑
i=1
pi
36
4.2.3
n x, y xTy
xTy =
n∑
i=1
xi · yi
=
n∑
i=1
(hi + ri) ( ,[hi, ri] = TwoProduct(xi, yi))
=
n∑
i=1
hi +
n∑
i=1
ri
= qn +
(
n∑
i=1
qi +
n∑
i=1
ri
)
( ,q = VecSum(h))
Dot2(x, y)
Dot2
function s = Dot2(x, y)
p0 = s0 = 0;
for i = 1 : n;
[hi, ri] = TwoProduct(xi, yi);
[pi, qi] = TwoSum(pi−1, hi);
si = si−1 ⊕ (qi ⊕ ri);
end
s = pn ⊕ sn;
37
4.3 ex
ex,sinx,cosx
4.3.1 ex
1.
x
2. y = ex IEEE754
≤ 21024(1− 253) x ≤ 709.782
ex
ex = 2ney, n |y| ≤ loge 2
2
= 0.3466
n y 2n
z = ey |y| ≤ 0.3466 y
z z
z = 1 + y(1 + a2 · y · (1 + a3 · y · (1 + a4 · y · (1 + · · ·+ a15 · y · (1 + a16 · y) · · ·)
|a2 · a3 · a4 · · · a8 · y8| < 5.2× 10−9
38
|a2 · a3 · a4 · · · a17 · y17| < 4.3× 10−23
ak =
1
k
4.3.2
ex x x > 709.782
(a)|x| ≤ 700.0 =⇒ ex
(b)x < −700.0 =⇒ ex = 0.0
(c)x > 700.0 =⇒ ( )
ex
ex = 2ney, n |y| ≤ loge 2
2
= 0.3466 n y
(a) n
s = x · log2 e
n = s ( 2 0 1 )
log2 e
(b) y
39
y = x− n loge 2
log2 e
40
4.4 sin x, cosx
sinx,cosx
sinx,cosx
1. [0, 2pi] pi
2. sin(
pi
2
− x) = cos x x [0, pi
4
]
3. 2 x Taylor x
4. TwoSum TwoProduct Taylor
4.5
[0, 1]
x x˜ double mid
x 6= 0, |x− x˜| ≤ ² |x˜| > ²
|x− x˜|
|x| ≤
²
|x˜| − ²
²
|x˜| − ²
41
4.6
4.6.1
4.1: ( Simpson ( ))
4.6.2
• [0, 1]
• Simpson ( )
5
Simpson (4
)
42
Newton Cotes
• y = exp(x) sin(x) y = exp(x) sin(x) cos(x) 2
• 4.1
4.6.3
y = exp(x) sin(x) y = exp(x) sin(x) cos(x)
4096(= 212) 4096(= 212)
7.3558E-35 1.2657E-34
5.1400E-25 6.5416E-25
5.6525E-25 9.7100E-25
4.1: Simpsoon ( ) 4096
y = exp(x) sin(x) y = exp(x) sin(x) cos(x)
16384(= 214) 16384(= 214)
3.7759E-34 8.1519E-34
3.1306E-29 3.9854E-29
3.4428E-29 5.9176E-29
4.2: Simpsoon ( ) 16384
43
y = exp(x) sin(x) y = exp(x) sin(x) cos(x)
32768(= 215) 32768(= 215)
2.5998E-33 1.3210E-34
2.4449E-31 3.1127E-31
2.6887E-31 4.6220E-31
4.3: Simpsoon ( ) 32768
4.6.4 INTLAB
y = ex sinx cosx Simpson (4 )
INTLAB
4096 7.4496E-14 1.2657E-34 6.5416E-25
16384 2.9765E-13 8.1519E-34 3.9854E-29
32768 5.9508E-13 1.3210E-34 3.1127E-31
4.4: y = ex sinx cosx Simpson (4 )
44
4.7
Newton-Cotes
3.3
INTLAB Simpson
4.4
4.8
ex sinx cosx
45
55.1
5.2
1 2
3 INTLAB 4
3
5.3
Newton-Cotes
3.3
INTLAB Simpson
4.4
46
5.4
1
log tan
47
, ,
,
, , , ,
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